Abstract -Geometric phases of trapped particles have been recognized as potential sources of false signals in experiments searching for a permanent electric dipole moment of the neutron. We present a new analysis that treats the spin fully quantum mechanically and uses the same model system as previous works based on semi-classical methods. The results are similar but exhibit significant differences in some respects.
Introduction. -Efforts to test the upper limit of ∼ 10
−32 e cm predicted by the Standard Model for the electric dipole moment of the neutron go back six decades [1] . One promising set of experiments works with trapped ultracold neutrons (UCN). Pendlebury et al. [2] were the first to point out that geometric phases (GP) accumulated by the UCNs and cohabiting atoms serving as a comagnetometer in these experiments, as in Refs. [3, 4] , can give rise to small signals mimicking a genuine EDM. These phases arise as a result of the motional magnetic field B v = (E × v)/c 2 in combination with a static magnetic field gradient. The results of Ref. [2] were obtained by integrating the classical Bloch equations. One key result, Eq. (78) of [2] , was reproduced in Ref. [5, 6] via a different approach that uses a semi-classical spin matrix. For our work we consider the same cylindrical trap geometry and configuration of static B-and E-fields and present an analytic solution of the Schrödinger equation for the spinor as it evolves along flight segments between successive wall collisions, while remaining unaffected by the collision, which is very short in time. In all approaches so far, including ours, the translational motion is treated classically.
Model and parameters. -We assume an ideal cylinder for the UCN trap, with axis in (vertical) z direction [2] . In the setup at the Institut Laue Langevin (ILL) [3, 4] , the radius and height were R = 0.25m, H = 0.12m. A static magnetic field, B 0z = B 0ẑ of ∼1µT, and a strong static electric field, E = ±Eẑ (E ≈ 4.5 to 10 kV/cm), parallel (↑↑) or antiparallel (↓↑) to B 0z , were applied. A small inhomogeneity of B 0 , modeled as a uniform vertical gradient ∂B 0z /∂z of order 1nT/m, implies the presence of a horizontal field B r (r) = − 1 2 (∂B 0z /∂z) (xx + yŷ). For our calculations we use the following specifications: The magnetic moment µ p is µ n = −1.913µ N for the neutron and µ Hg = +0.5059µ N [2] . The dimensionless quantity Ω = ±v xy /Rω 0 is an angular velocity in units of ω 0 with +(−) sign for the ( ) sense of particle circulation around the trap. Typical values are |Ω| ∼ 0.05 for UCNs and ∼ 18 for 199 Hg [2] [3] [4] . The dimensionless field-gradient parameter was ζ = R (∂B 0z /∂z) /2B 0 1.2 × 10 −4 . The quantity ζ Ω = ζΩ will serve as the small parameter in series expansions. The dimensionless E-field parameter was η = (Rω 0 /B 0 )(E/c 2 ) = B v /ΩB 0 2.3 × 10 −4 for UCNs and η 0.6 × 10 −4 for 199 Hg (with E = 4.5 × 10 5 V/m).
Mathematical analysis. -As shown in Fig. 1 , the particle position, projected onto the horizontal plane, moves along straight segments. For purely specular reflection at the cylinder wall the angle 2α g between successive chords is constant. In each segment we choose the x axis to bisect the chord. We reset the clock to t = 0, e.g. at the center point x = R cos α g , y = 0 between successive reflections at points a and b. Position and velocity along this segment are r(τ ) = R(x cos α g +ŷΩτ ), In a projection onto the horizontal (x, y) plane, a particle moves at constant velocity vxy in a cylindrical trap of radius R along a straight path segment between successive collisions with the sidewall at a and b. The segment is characterized by the angle αg and we choose a coordinate system where the path is along the y direction. The moving particle experiences the small horizontal magnetic fields Br and Bv. The direction of velocity shown is for Ω > 0, that of Br for ∂B0z/∂z > 0, and that of Bv is for Ω > 0, E ↑↑ B0z or Ω < 0, E ↓↑ B0z. The particle is at the segment center at time t = 0 and in the example shown its azimuthal spin angle relative to the x axis is Φ at t = 0. In general, the position with definite spin angles can be anywhere along the segment.
v(τ ) =ṙ(τ )ω 0 =ŷRΩω 0 , with dimensionless variables τ = ω 0 t and Ω = v xy /Rω 0 . With quantization direction +z we write the spin wave function as linear superposition of
and χ 2 , orthonormal to χ 1 , constructed from the complex conjugates of α 1 , β 1 . Our analysis proceeds from the Schrödinger equation in the stationary coordinate system x, y, z,
for the Hamiltonian
where we use the complex quantitiesr
The application of H turns Eq. (3) into
with
The constant u contains the relevant information about path geometry (α g ), velocity (∼Ω) and in-plane magnetic field (ζ for B r ), (η for B v ). The deviation of spin dynamics from free Larmor precession is small. We will use a perturbation approach in a reference system rotating with ω 0 about the z axis. The transformed quantities α 1r (τ ) = e iτ /2 α 1 (τ ), β 1r (τ ) = e −iτ /2 β 1 (τ ) satisfy, according to (5) , the coupled equations
which we combine into a linear, homogeneous ODE for α 1r (τ ):α
The right-hand side (RHS) is a small perturbation of O(10 −8 ) and will be treated as such. Equation (9) without that small term has solutions C 1 and C 2 (u 1 −iτ )e iτ , where u 1 = u + 1 and C 1 , C 2 are constants. Treating the small term in (9) as an inhomogeneity, α 1r (τ ) can be determined systematically from the above solutions.
The general solution of that inhomogeneous linear ODE up to leading nontrivial order then reads
The spin-down solution, inferred from (7), then becomes
Initial conditions α 1r (0) = 1, β 1r (0) = 0 imply
The complete general spinor solution is then obtained as a linear superposition of
Title where χ 2r (τ ) is derived from the complex conjugate of Eq. (3), implying α 2r (τ ) = −β * 1r (τ ), β 2r (τ ) = α * 1r (τ ) and α 2r (0) = 0, β 2r (0) = 1. Spinors χ 1r and χ 2r are orthonormal with time-independent norm as required for the Hermitean Hamiltonian (4).
The linear superposition,
with s = sin(θ/2), c = cos(θ/2), represents a spin whose angular expectation values at τ = 0 are θ for the polar angle and Φ for the azimuthal angle relative to the x axis. Now we generalize this analysis to the case where the definite spin angles θ and Φ are given at an arbitrary position along the chord, characterized by time τ 0 as measured from the center, with −δ ≤ τ 0 ≤ +δ. We write the normalized spinor function for the perturbed system in the form
where χ r (τ 0 ) is the initial spinor and M (τ, τ 0 ) the transfer matrix with
The multivalued functions ln α 1r , ln β 1r require extreme care in evaluations. In matrix M (τ, τ 0 ) of Eq. (14) the terms containing s µ are much smaller than those containing c µ (∼ 1). Hence the perturbed solution differs only slightly from the constant spinor α 1r0 = 1 of the unperturbed system precessing at the Larmor frequency.
Initial path segment. -The analysis of the spin evolution along consecutive flight segments between wall collisions begins with the very first chord at the starting time T = 0 of free precession, for 150 s, in the separated oscillatory field magnetic resonance scheme of Ramsey. At T = 0 the first oscillatory field phase is completed and, ideally, all particle spins have been rotated from the up direction to the equatorial plane with polar spin angle θ = π/2 and, in the lab frame, all spins point in the same direction x.
The particle distribution, at this time, is assumed isotropic in velocity and uniform over trap space, thus the ensemble of initial flight segments can be encoded by the angle Φ measured relative to the direction of motion, for simplicity at the segment center τ 0 = 0 (we will again relax this latter assumption later). Thus, in the reference frames of particles, with y along the direction of motion, Φ is distributed uniformly between −π to +π. Different values of Φ represent different particles. This does not restrict the scope of our method because the experiment measures the net phase change accumulated by all particles along all path segments during the period of free precession.
For given Φ the change of azimuthal angle over the first segment relative to the rotating frame is Im ln β r (δ)
Im ln α r (δ)
with δ = τ (δ). Thus, the azimuthal angle at the end b of this segment (#1) is
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and similarly for end a:
where we have used the symmetry properties ν(
The resulting phase shift for segment #1 becomes
The terms not displayed contain the cosine of multiples of Φ. Thus, the average of (24) over the uniformly distributed Φ equals 4ν(δ). All other terms average to zero. Substituting (18) for ν(δ) we obtain
Successive chords. -To investigate correlations between successive path segments we will now follow a given particle over consecutive chords. Now it is more convenient to set τ 0 = −δ, i.e., to choose the initial point a of each segment as the reference point where θ and Φ are defined. The overall phase change between start at 1a (point a of segment 1) at angle Φ and end at 2b is then given by transfer matrix M (δ, −δ) of Eq. (14) applied twice: 
where s µ , c µ , τ , ν are evaluated at the endpoints τ = δ, τ 0 = −δ. Thus the final azimuthal angle Φ (2) minus initial Φ, averaged over uniformly distributed Φ, becomes, to lowest order in ζ Ω ,
In the last step we neglected ν(δ, −δ) in the argument of the sine since it is ∼ ζ 2 Ω , much smaller than α g except for near-peripheral orbits (α g 0). However, peripheral orbits have negligible weight [2] w(α g ) = (4/π) sin 2 α g in a random ensemble of particles. Similarly, |ν| |τ |. When we extend the analysis to n ≥ 3 consecutive segments we generalize Eq. (26):
and obtain expressions corresponding to (27-28). The first term on the last line of generalized (28) becomes 2nν(δ, −δ) and additional terms ∼ sin 4α g , sin 6α g , ... sin (2(n − 1)α g ) make their appearance. The latter are readily summed up ([9], 1.341). We then adjust the analysis to the general case where the initial angle is Φ, at T = 0, at any point along segment #1 (not necessarily at point a) and obtain
where ν, τ , s µ are evaluated at τ = δ, τ 0 = −δ and ν 0 , τ 0 , s µ0 at (δ, τ 0 ).
Upon averaging over starting point, δϕ 1→n,δ = 1 2δ +δ −δ δϕ 1→n (τ 0 )dτ 0 , the mean frequency shift is obtained as the phase shift divided by mean elapsed time (2n − 1)δ: δω/ω 0 = δϕ 1→n,δ /(2n − 1)δ.
This expression depends on ζ, η, Ω and α g through u 1 = u + 1 = cos α g /Ω + η/ζ + 1 from (6), ζ Ω = ζΩ, and δ = sin(α g )/Ω. The GPs are determined by the mean value of δω/ω 0 for the and sense of particle circulation. For the latter we replace Ω by −Ω:
and, as in the random particle distributions of the experiments, average (31) over α g :
p-4
Title
The terms ∝ ζ 2 (later marked δω/ω 0 ζ 2 ) comprise the second-order gradient effect, and those ∝η 2 ( δω/ω 0 η 2 ) the second-order motional effect ∝(E × v) 2 . The E-odd cross term ∝ ζη mimicking a genuine EDM is the difference between (32) for E ↑↑ B 0z and that for E ↓↑ B 0z where the latter is obtained by replacing η by −η:
For n = 2,3,4 all required integrations can be performed analytically in terms of standard functions but, in general, numerical methods are required except for n → ∞. This limit is most important since the particles experience 10 3 − 10 5 wall reflections during the period of ∼100 s of free spin precession (in [2] [3] [4] : 150 s for UCNs and ∼70 s for the spin relaxation time of 199 Hg in the trap). For large n, the first term in (30),
(from (18) grows ∝ n whereas all other terms are independent of n and therefore become negligible. Thus, the asymptotic mean frequency shift, for n → ∞, is
We average (35) over both senses of circulation (Ω > 0 and Ω < 0) and over segment angles α g , and extract the terms ∝ζ 2 , ∝η 2 and ∝ζη:
where J 1 , J 2 are Bessel functions and 0 F 1 2; −1/Ω 2 , 0 F 1 3; −1/Ω 2 are confluent hypergeometric functions.
Results and interpretation. -In Fig. 2 we compare these functions with the earlier semi-classical expressions of [2] based on integrating the classical Bloch equations, while the authors of [5, 6] used a spin density matrix obeying not the Heisenberg equation but an equation of motion with the opposite sign (Eq. (11) of [5] , Eq. (28) of [7] ).
We have numerically averaged Eqs. (71), (80) and (77) of [2] over segment angle α g for random particle distributions. This required moving the poles at the resonance positions slightly away from the real axis. The fast oscillations seen in the semi-classical results in the range Ω < 1 are reduced as the offset of the poles shrinks. They are smoothed out completely when averaged over the particle energy spectra. However, the main resonance at Ω = 1 remains. Our analysis of the spinor evolution over many consecutive path segments solves Schrödinger's equation as discussed in detail. Our only assumptions, spin state conservation at wall reflections and the restriction to lowest, quadratic, order in the small parameters ζ and η, were also made in Ref. [2] . Yet our curves show no resonance.
This finding points to the following interpretation: Along any path segment, even an almost peripheral one with small α g , a particle moving in static fields E ↑↑ B 0z "sees" in its reference frame, while moving north (N), a constant (non-rotating) field B v (pointing W for any segment) and a field B r rotating gradually from NW to a direction pointing SW. At the next wall reflection the dip-5 rection jumps back from SW to NW, then follows the same pattern NW to SW, always seen from the particle's reference frame. This sawtooth pattern is reflected in the oscillations seen in Fig. 2 . However, such a time dependence of the field cannot be described as a unidirectional rotation and therefore we should not expect to observe the resonances typical of NMR experiments. We are aware that this picture would change if we used, instead of a reference system moving with the particle, a fixed reference system. The solution to the spin-dependent Schrödinger equation lacks the resonances and therefore is consistent with a sawtooth-like time dependence of field direction, not with unidirectional rotation.
In practical terms the region around Ω = 1 is unimportant. For the ILL experiments, both the UCNs, with Ω 0.05, and the Hg atoms, with Ω 20, are sufficiently remote from the critical region Ω = 1.
In the lower panels of Fig. 2 we show the E-odd frequency shift δω ζη /ω 0 by the blue curves in two ways: directly (center and bottom left) and after division through Ω 2 (center and bottom right), the latter showing more clearly the behavior in the adiabatic limit Ω 1. Both asymptotes, at Ω 1 and Ω 1, are two times smaller than the semi-classical result. The green dotted and red dashed curves in the bottom panels of Fig. 2 show the development of mean shift over successive chords: 1 to n = 2 (green dotted); 1 to n = 4 (red dashed). For n ≥ 50 the curves are practically indistinguishable from the asymptotic behavior (solid blue).
Apart from the dominant resonance our results are similar to those of [2] , with a few deviations, such as the different sign of the non-adiabatic limit for the η 2 -curves. The positive sign, and our curve as a whole, agrees, for η 1, with the analytical solution for ζ = 0. In this special limit (which is irrelevant to EDM experiments) the ODE (9) has constant coefficients and can be solved without resort to approximations.
Conclusions. -We have solved the Schrödinger equation for spin 1/2 and obtained analytic expressions for the geometric phases pertinent to EDM experiments with trapped particles, UCNs and comagnetometer atoms like 199 Hg. A crucial step was averaging over a random distribution of initial azimuthal spin angle Φ at the start T = 0 of the Ramsey period of free spin precession. The results are similar but not identical to the expressions [2, 6] derived via semi-classical methods. Most notably, our present E-odd curve has two times lower adiabatic and non-adiabatic limits. The latter reduction in particular could turn out to be a crucial benefit for EDM projects such as [10] [11] [12] [13] [14] which aim at significantly higher sensitivities than achieved so far and where a precise correction for the GPs of the cohabiting atoms will be essential.
In view of the known equivalence between semi-classical and fully quantum mechanical treatment of spin 1/2, shown in Ref. [15] , the differences are very surprising. We suspect that the equivalence may not hold in magnetic fields changing direction abruptly, as the field B r does in the particle's reference frame at a wall reflection. The proof of equivalence in [15] for time-dependent fields is inapplicable to discontinuous rotation and this case has not been addressed. More explicitly, describing a wall reflection as a process conserving the spinor wave, including separately the two phases of the spin-up and spin-down waves, may not be fully equivalent to quasi-classical conservation of azimuthal spin angle as the difference between the two phases. This question should be fully investigated.
The difference of the E-odd shift by a factor 2 at the adiabatic limit can be put into the context of Berry's GP [16] . If only the slow B r field rotation seen along a path segment contributes, our Eq. (38) agrees with Berry's formula [16] . With the postulate of [2] to include in the Berry phase also the abrupt change of direction at reflections (which in a stationary reference system is in the same direction as the slow rotation, not opposite to it, as it is in the moving system) the larger value of Eq. (77) of [2] can be explained.
Finally, based on the experimental data in Fig. 13 of [2] the authors reported agreement, within 15%, between observed false EDM signals and calculation. The large error bars and fluctuations of the data points in Fig. 13 suggest that a fit to two times lower values for the false neutron and Hg signals would also be successful. * * * We thank Robert Golub for critically reading the manuscript and providing clarifications on several points.
